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SUMMARY

In Stokes equations the velocity u and the pressure p are coupled together by the imcompressibility
condition divu=0 which makes the equations difficult to solve numerically. In this paper, a method
named Sinc-collocation method with boundary treatment (SCMBT) is applied to the Stokes equations. The
numerical results show that our method is of high accuracy, of good convergence with little computational
effort. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The Stokes equations and the Navier—Stokes are of much concern. The Stokes equations describe
the stable fluid flow, without nonlinear terms, and the Navier—Stokes equations describe the fluid
flow developing with time [1]. By neglecting the term of du /0t and the nonlinear convection, the
Navier—Stokes equations can be transformed into the Stokes equations which can be regarded as
an approximation of the Navier—Stokes equations when the Reynolds number is very low or the
velocity is very small.

The Stokes equations discussed in this paper are: (Q=[0, 1] x [0, 1]):

Px =Uxx +Uyy + f1in Q
Py =VUxx +Vyy + fo inQ 1)
uy +vy=0 in Q
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1064 C. LI AND X. WU

Much work has been done for the Stokes equations, most of which has been completed using
the finite element method. Quazzi [2] introduced the vorticity variable, @ =curlu, to study the
equations; Bochev and Gunzburger [3] adopted the least squares finite element method to the
equations; Belgacem er al. [4] studied the mortar spectral element method for the Stokes equations;
Jou and Liu [5] gave a posteriori finite element error analysis for the Stokes equations.

There are some difficulties in solving the Stokes equations. Firstly, there is evidently no transport
or other equation for pressure. The velocity u and the pressure p are coupled together, and this
makes the numerical solution difficult. In addition, satisfaction of the continuity equation is not
automatic, and the condition should be enforced.

Sinc methods have been studied extensively and found to be a very effective technique, partic-
ularly for problems with singular solutions and those on unbounded domains. In addition, Sinc
function seem to capture oscillating behaviours in space, hence, are useful to deal with problems
characterized by this type of solution [6]. References [7, 8] provide overviews of the methods
based on the Sinc function for solving ODE, PDE and integral equations.

In References [9, 10], a method named the Sinc-collocation method with boundary treatment
(SCMBT) was introduced, which was applied to two-point initial-boundary value problems and
two-dimensional elliptic boundary value problems. It is difficult for the traditional Sinc method
to solve two-dimensional elliptic boundary value problems a mixed nonhomogeneous boundary
condition [11]. By using SCMBT, no matter what the boundary conditions are, the boundary
conditions can be dealt with directly and successfully.

In this paper, SCMBT is applied to the Stokes equations. With our method, we successfully
can overcome the difficulty mentioned above. We split the coefficient matrices into block matrices
which allow the boundary nodes to be separated from the internal nodes.

To overcome the difficulties, we take the steps as follows. From the first two equations of (1),
we can obtain a Poisson equation for p. In addition, the boundary conditions for p, and p, can
be expressed by functions for # and v from the first two equations of (1). All of these equations
are discretized by the SCMBT. Then p, and p, can be eliminated in the discretized equations.
Thus, the numerical results of # and v can be obtained. Meanwhile, the continuity equation is
automatically satisfied by this method.

The numerical results indicate that our method for the Stokes equations is effective. Our method
is of high accuracy, simple in principle, easy to program and easy to treat the pressure boundary
conditions.

The content of this paper is developed in the four sections, as follows: Section 2 introduces the
formulations of SCMBT; Section 3 applies SCMBT to the Stokes equations; Section 4 consists of
some numerical examples; and Section 5 is a short conclusion.

2. FORMULATIONS OF SCMBT

2.1. SCMBT formulae in one variable

For a function w(x) on the interval [0, 1], we can get the discrete formulae for wy, = f1, wy = f2
(for details see References [9, 10]).

Let ¢(x) be a one-to-one conformal map of interval [0, 1] onto the real line. Here r = ¢(x)
is the double exponential transformation (DE transformation) [12]. Let tﬁ:q)_l denote the
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SINC-COLLOCATION METHOD 1065
reverse map, in addition
1 T 1
=yt)==t h(— i ht) =
x=y(t) 5 an 5 sin + 5

The double exponential formula (DE formula), which is a quadrature formula based on the
DE transformation, was first proposed by Takshasi and Mori [12] in 1974. The DE formula has
been widely used in the last three decades and is now recognized to be one of the most efficient
quadrature formulae [13, 14]. The use of the DE transformation technique in the Sinc method yields
a highly efficient numerical method for interpolation, quadrature, approximation of transformation,
differential and partial differential equations [14—16].

It is known that the Sinc-collocation method with n collocation points converges at the rate
of exp(—k+/n) with some k>0 under certain condition. From Reference [14], we know that the
Sinc-collocation incorporated with the DE transformation converges at the rate of exp(—«’n/ log n)
with some x’>0 under rather stringent condition (we have achieved this rate convergence in our
numerical examples of Section 4 by our method).

Denote w=[w(0), wy (0), w(x_p), ..., w(xy), we (1), w(1)]T, then wy, = fi can be discretized
as (for details see References [9, 10])

Bw=QF )

where
~ — 1
B=[By, By, B, B3, Bsl, Fi=[fik_y—1),..., filen+D1", Q=D (a)
By = Q@) — B®w, B =Qdg, — B®y, B; =00}, — B®y,, By = Q0/, — B®yg

And here set @go(x)=2x + (1 — x)%, @19(x) =x2(3 — 2x), 9o; (x) =x(1 — x)?, @1 (x) =
2

x“(x —1).
Let ;= [¢;;(x—pm), -, 9 eI, @ =[], x—pr—1), - .., @ (enD1T, where i=0,1,

j=0,1.
B= @H) o 7(1)+D Ly 91 D(e) A3)
h? (@)?) hy o \¢

Set m=M + N + 1. The matrix Bis a (m + 2) x m matrix. The matrices 7(’),r=0, 1,2 are
(m +2) x m and the diagonal matrices D(1/¢’), D(¢"/(¢)?) and D(1/¢'(1/¢")") are (m +2) x
(m + 2) matrices. The diagonal matrix D(¢’) is a m X m matrix. = ((3?,{)), k=—M,...,N,
and j=—M —1,—-M,...,N,N + 1.

Thus, B is a (m 4+ 2) x (m + 4) matrix.

Similarly, wy = f> can be discretized as (for details see Reference [9])

Aw=0F “)
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1066 C. LI AND X. WU

where

A=[A1, Ay, A, A3, Agl, Fa=[frl_p—1) ..., rlenD]"

A1=§<D60—7¥600, A2=§®61—Z601, A3=§‘D/11—1611, A4=§‘D/10—5610
~ 1\ 1M 1IN ~ | ———
A=|-D(= +D(—=(—=) ) 19| D))

@' ) hy AN

2.2. SCMBT formulae for general cases in two variables

In this part, we will discuss the discretized formula for wy = f2, wy = f3, wyy = f3 and wyx = f5
on Q=[0, 1] x [0, 1]. Here w(x, y) is not bound to be zero on the boundaries. Similarly, they can
be discretized as, respectively (for details see References [9, 10]),

QWA =0.R0, AWQ =0.F0, ®)

Q WBy=0,FiQ,, BWQ =0.F0, ©)

where Q , Qy’ B, B, are the same with the matrices obtained by applying our formulae for one
variable in x and y directions, respectively.
Andmy =M, +N,+1, my =M, + N, +1. For simplicity of the expressions, set My =M, =M,
Ny=Ny=N and My + Ny +1=M, + Ny +1=M + N + 1 =m without loss of generality.
Thus, we have
A=A, =A,, B=B,=B,, 0=0 =0, 0=0,=0; (N

=y =x

where A , B, Qx, 0, Ay, B, gy and ay are the same as those in (5) and (6).
In addition, W in (5) and (6) is defined as

wep  Wyo0 Wo;  Wyol  Wol

Wx00 Wxy00 Wx0j Wxy0l Wx01

~

W= 1| wio wyo W wy1 wj (8)
Wx10 Wxyl0 Wxlj Wxyll Wxll
wi Wyl Wij Wyl Wi

where W = (w(x1, Yi))mxm, woj = (w(0, y&)), wxoj = (wx (0, yk)), wx1j = (wx(1, yr)), wi j=
(w(l, yr)), wio=(w(xz, 0)), wir=(w(x, 1)), wyio=(wx (x7, 0)), wyj1=(wx (x1, 1)), I=—M, ..., N,
k=—-M,...,N, wo=w(0,0), wy; =w(,1), wig=w(l,0), w1 =w(l, 1), wyro=wy(0,0),
w01 =wy (0, 1), wyio=wy(1,0), wyi1 =wy(l, 1), Wy00 = wy(oa 0), Wy01 = wy(o, D), Wy10 =
wy(la 0), Wyl = Egy(la D), Wxy00 = wxy(oa 0), Wxy0l = wxy(oa D, Wxyl10 = wxy(la 0) and Wxyll =
wyy(1,1). Here W is a m x m matrix, wo;, Wxoj, Wx1j, W1, ;; are row vectors, and w;1, Wy;o,
Wy, Wi are column vectors.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:1063-1076
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SINC-COLLOCATION METHOD 1067

3. APPLYING SCMBT TO THE STOKES EQUATIONS

The Stokes equations discussed here are: (Q=[0, 1] x [0, 1]):

Px = Uxx + Uyy + [ in Q
Py = Uxx + Vyy + fr inQ )
uy +vy=0 in Q
In order to express our method clearly, some definitions will first be introduced.

If D=[d\,d>,...,di]isamatrix and d; (i =1,2,...,k) are [ x 1 vectors, denote Vec(D) as
follows:

;T

dr
Vee(D)= | (10)

d

A, B and Q in (7) are, respectively, split into the following block matrices:

(A1 A A?g As Ais
A=[A1,A2, A3]l= | As1 A Axz Ap Ass (11)

Azl Az A§3 A3zq Aszs

Bi1 Bz 31T3 B4 Bis
B=[B1, By, B3]=| Boit Bx By3 By By (12)

B31 Bz Bng B34 Bss

O Qi Q3 Qu Qs
0=[01,02,03]1=| Q21 Qxn Q023 Qu 0 (13)
031 On Q§3 034 QO35

where Ay, A3, By, B3, Q1 and Q3 are columns, A», By, Q) are (m + 2) x (m + 2) matrices, A3,

A3z, Az, Ao, Aoa, Azs, Bz, B33, Bai, Boa, Boa, Bs, 013, 033, 021, 022, Q24 and Qo5 are m x 1
columns, A3, B3, Q23 are m x m matrices, A1y, A1z, A4, A1s, A31, A3z, A3s, Ass, By, Bio, Bia,

Bis, B31, B3o, B34, B3s, Q11, Q12, Q14, Q15, 031, 032, Q34 and Q35 are real numbers.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:1063-1076
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Like the definition in (8), set

C. LI AND X. WU

oo Uyo0  Uoj  Uyol  UOI
Ux00 Uxy00 Ux0j Uxy0l Ux0l up U, u3 uy ﬁ; u3
U= | uio uyo U uyr wjy |=|us us ug|, us=|us us us| (14)
Uxl0 Uxyl0 Uxlj Uxyll Uxll w7 ug  ug T
| 410 Uyl0 Ul Uyll ULl
w0 wvyoo vo;  wvyor  vor |
Ux00 VUxy00 Ux0j Vxy0l Ux01 vp vy, 3 V] 5; U3
V=1 vo vy V vy vi |=|w vs ve|, vs=|Ts s Te (15)
Ux10  VUxyl0 Uxlj Uxyll Uxll vy vg ) v7 Eg Vg
| Vi Uylo V1 Uyll V1l |
i poo  Pyoo  pPoj  Pyol Po1 ]
Px00 Pxy00 Px0j Pxy0l Px01 Poo Poj Pol
P=| po pyo P  py1 pi1 |, Ps =P=|po P pa (16)
Px10  Pxyl0 Px1j Pxyll Px11 P10 Pi1j Pii
L P10 Pyio P1; Pyl P

where U = (w(xz, Yi)mxm> V =W, Yi)mxms P =1, Ye))mxm, #5=U,v5=V. And
Uy =uoo, uy = [Uy00, Uoj, Uyo1 ], U3 =uo1, u7=uo, g =uyi0, 1, uyi1l, uo=urs, us= [0,
uly, uxiol', we=luxor, uj, ux111', i =uyyo0, W) =Ux0j, U3=Uyy0l, Ua=Uyo, Ue=Uyil,
U7 =Uyy10, Uy = Uyl j, U9 = Uyyl1, V1 = V00, V3 = [Vy00, V0, Uyo1], U3 = Vo1, V7 = V10, v = [vy10.
vijo iyt ] vo =011, va=[vx00, Vi, Vx10lT,  v6 =[vror, v}, vx11]T, V1 =vsy00,
V3 = Vxy0l, V4 = Vy;0, U6 = Vyil, U7 = Uxy]0; 5§ =v,1; and Vg = vyy11.

In addition, ugo, 4y00, u0j, Uy0l, UOL, Ux00> Uxy00s Ux0js> Uxy0ls Ux01, Ui, Uyi0, Uyil, Uil,
Ux10, Uxyl10> Ux1j, Uxyll, Ux1l, U105 Uy105 UTj, Uyll, UTT, VOO> UVy00s V0> Uy0l, V01> Ux00> Vxy00> Ux0;»
UxyO0ls Ux01> Vi0> Vyi0s Vyil> Vil> Ux10> VUxyl0s Uxlj, Vxyll,> Ux11, V10> Uy10s V1j, Uyll, V11, P00> Py00>
Pojs Py01, P01> Px00s Pxy00> Px0j> Pxy01> Px01> Pi0> Pyi0> Pyil, Pil> Px10; Pxy10> Px1j> Pxyl1, Px11,
D10s Py10s P1j, Py11 and piy are similar as those definitions in (8).

In this paper, we try to solve the Stokes equations by the SCMBT in the following steps.

Step 1: The aim of this step is to obtain the equations of p, and p.

=T
v2 = vaj,

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:1063-1076
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SINC-COLLOCATION METHOD 1069

By taking the divergence of both sides of the first two equation of (9) and taking into account
the condition divu =0, we obtain

Ap =div f
i.e.
Pxx + Pyy = fix + foy (17
Setting g = f1x + f2y, then
Pax + Pyy=¢ (18)

Step 2: The aim of this step is to get the expression of P expressed by the elements of U, V
defined in (14) and (15).
By (9) and with direct computation, we can have

iy + fax
pxy - 2
Thus,
S1y(0,0) + f2¢(0,0) J1y(0, 1) + /2.0, 1)
Pxy00 = > Pxy0l1 =
2 2
19)
J1y(1,0) + fax (1, 0) Siy(1, 1) + fax (1, 1)
Pxyl10 = »  Pxyll =
2 2
From the first two equations of (9), we get
pxzuxx+uy'y+f1:bly'y_vxy+f1 (20)
Py ="Uxx + Vyy + f2=Vxx — Uxy + f2 21

Discretize (20) by using the formulae (2)—(6) in Section 2 and with the block matrices definitions
in (14)—(16), then we have:

T, AT -1
[Px00, Px0j, Pxo1] = [1oo, yo0, uoj, tyo1, uo11B" (Q )

—T._
— [Vx00, Vxy00 Ux0> Vxyol, Vx01]AT (@ )™ + Fio; (22)

where Fio; =[/1(0,0), f1(0, y_m), .-, f1(0, yn), f1(0, D].
Similarly, we have:

T, AT -1
[px10, Px1j, Px11]=[u10, uyr0, u1j, uy11, u111B° (Q )

—T. _
— [Vx10» Vxy10s Uxl j» Vxyil, Vx11JA(Q )™ + Fiyj
(23)

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:1063-1076
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Py00
Pyi0

Py10

Pyol1
Pyil
Py11

C. LI AND X. WU

00 Uy00
Ux00 Uxy00
vio | = (@A | uyio
Ux10 Uxy10
| V10 | L Uy10
i Vo1 ] i Uy01 ]
Ux01 Uxy01
vit | = (@A uyi
Ux11 Uxyll
| v | | Uy |

+ Faio (24)

+ P (25)

where Fio; =[f1(1,0), fi(1, y-p) ..., fi(L, yn), fi(L, DIT, Faio=[/2(1,0), fo(x—p,0), ...,
LGN, 00, 210N, and P =[f2(1, D, ooy, Doy olen, D f2(1 DI

Because vyoo and vyo; can be expressed as vygo =[1,0, ..., 0Jvs, veo1 =[1,0, ..., 0Jve, with
the block matrix technique and direct calculation, (22) can be rewritten as the following form:

9 9
[Px00, Px0j> Pxot]l =3 > crjuicaij + Y. Y cujuicaj +Y. Y. enjuien;

J i=1,i#£2,58

J i=2.8

J i=1,i£2,58

9
+Y Y enjlijeni+Y. Y cxnijvicaij+ Y. Y €3] caij

j i=2,8 Jj i=1,i#2,5,8 j i=2.8
0 T
+> D> esijviesij + ) D e3ijv; esij + hy (26)
Jj i=1,i#2,5,8 Jj i=2,8
where dlaClij7czij7C3ij7C4[jae][j762ijae3ij and e4,~j,i=1, ...,4, 6,...,9 are known matrices,

which can be calculated directly from the known matrices.
Equations (23)—(25) can be rewritten in the similar way:

9 9
[Px10s Pxljs eIl =3 Y csijuiceij + 3 Y. csiju;ceij+ Y. Y. esijliesi

Copyright © 2006 John Wiley & Sons, Ltd.

J i=1,i#258

j i=2,8

7 i=2.8 7 i=1,i£2,5.8
2 T
+>. D enijviesij +). D enijv;esij +h
7 i=1,i£2,5.8 7 i=2.8

J i=1,i#£2,5,8

9
+Y Y esijitjesii+Y. Y crjvicsij+ Y. Y. CIijv; Csij

j i=2.8

27)
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SINC-COLLOCATION METHOD 1071

Py00
9 . 9
pyio | =D Y. cojuicio + Y Y Coijuiclon + Y. . egijuienn)
T i=1,i£25.8 7 i=2.8 T i=1,i£2.5.8
Pyl10
T 2 T
+X > evijujero+ Y., D Cljviclzij + Y. Y. CllijY; C12ij
7 i=2.8 T i=1,i£2,5.8 T i=2.8
2 T
+> Y enjviennij+ Y. Y enijv;ennij+h3 (28)
T i=1,i72.5.8 7 i=2.8
Pyo1
9 . 9
Pyil | =20 > cuzijuiciaij+ Y. Y cizijuiciaij+ Y, Y eisijiielsi)
7 i=1,i72.5.8 7 i=2.8 T i=1,i£2,5.8
Py11

9
+3 Y enijures; +Y Y cisijviciej Y. Y. CIsijv Cleij

7 i=2.8 T i=1,i#£2,5.8 7 i=2.8
2 T
+> Y ersijviewsij + Y. Y e1sijv; eleij + ha (29)
T i=1,i£2,5.8 7 i=2.8

where all of the coefficient matrices are known, which can be calculated directly.
Now, dicretize (18) by (5) and (6), then:

BPQ"+QPBT=0GQ" (30)

where G = (g(Xi, ¥;)) (m+2)x (m+2)-

Substituting (14)-(16), (19), (26)—(29) and the given pgo into the above equation, with direct
computation we can get:

_ 9 9
= T B
c21Pen=). Y cmjuicigij + ). Y cinjuicigij Y. > e1ijiiels;)
j i=1,i#2,5,8 Jj i=2,8 Jj i=1,i#2,5,8

9
+3 Y emjuresii+Y. Y covicaoij Y. Y. C19ijV; ¢0ij

7 i=2.8 7 i=1,i#£2,58 7 i=2.8
2 T
+> Y ewijviexij + Y. Y. €19iV; exij + hs (31)
7 i=1,i#£2,5,8 7 i=2,8
where c¢1, ¢22, hs, C17ij, C18ij, C19ij, €20ij, €17ij» €18ij»€19ij and ex;j,i=1,...,4,6,...,9 are

known matrices, which can be calculated directly.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:1063-1076
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1072 C. LI AND X. WU
Take Vec(-) on both sides of (31), after calculation we get

— 9 9 9 9
Vec(P)= ). Ciui+ Y. Diui+ Y. Eivi+ Y. F;v;i+ Vec(hs) (32)
i=1,i#5 i=1,i#5 i=1,i#5 i=1,i#5

where all of the coefficients are known and can be calculated directly.

Remark 1
Without an additional condition for pressure p, there are no unique solutions for p in (9). Because
if p is the solution for p in (9), then p> = p; 4 constant is also another solution.

Thus, even if u;, v;, u; and v; are known, without such additional condition, we still cannot get

the solution for P from (31) uniquely. In addition, (32) is obtained through a pseudoinverse of the
matrix computation. So, when u;, v;, u; and v; are known, from (32) we can only get a numerical
result Py for P, which is not unique. Further more, P + constant is also another solution and
the constant can be determined by the additional condition for pressure p, for instance p(0, 0)
is known.

Step 3: Based on steps 1 and 2, eliminate p.

Dicretize the first two equations of (9) by formulae (5) and (6), then:

APQT=BUQ"+ QUB"+OF Q" (33)
QPAT=BVQ"+ QVBT+ 0F0" (34)

where F1 = (fi1(xi, y;)) and F> = (f2(xi, y;))-
As what we have done with (30), substitute (14)—(16) and (19), (26)—(29) into (33), and then
we have

_ 9 9
— T 3
c3Peu=Y Y cosijuicasij + Y. Y Cosiju; Casij+ D, Y. ersijilieij
7 i=1,i£2,5,8 7 i=2.8 Ji=1,i#28

9
+3 Y exsijurenii +Y. Y comjvicasij + Y. Y €7V casij

7 i=2.8 T i=1,i£2,5.8 7 i=2.8
2 T
+> > exijviewsij+ Y Y. €27:jV; exwsij + he (35)
7 i=1,i£2.8 7 i=2.8

where all the coefficients can be calculated directly from above-mentioned matrices.
By taking Vec(-) on both sides of (35), we can get a new equation. Substituting (32) into this
new equation, after direct computation, we have

N 9 9 9 9

HsVec(U)= ) Hyui+ Y Hyui+ Y H3vi+ Y Hyv;+ Vec(hg)  (36)
i=1,i#5 i=1,i#5 i=1,i#5 i=1,i#5

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:1063-1076
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SINC-COLLOCATION METHOD 1073

Define
T T T T T — T — T T — T — 4T
Z]:[M],M4,M7,u2,1/{8,u3,u6,l/{9] ) ZZZ[I/{],u4,u7,u2,u8,u3,u6,u9]
T T .. T T T = =T = =T =T = =T =T
S]=[U],U4,U7,U2,U8,U3,U6,U9] ) S2=[U[,U4,U7,U2,U8,U3,U6,1)9]

Z1 and S are vectors of (4m + 12) x 1, Z> and S are vectors of (4m +4) x 1.
Thus (36), i.e. (33), can be expressed as the following form:

RiVec(U) + RaZ> + R3S> = RaZ1 + RsS1 + Re (37)
In addition, (34) can be rewritten in the similar way:
TlVec(V) + 1272y 4+ T35 =T47Z1 + 1551 + T (38)

Step 4: Get the numerical results of # and v. ~ ~

There are 2(m + 4)2 elements aggregately in Zy, Z», S, S2, Vec(U) and Vec(V). And there are
2(m + 2)? equations in (37) and (38) aggregately. If provided the other 2(4m + 12) equations on
the boundaries, we can get the numerical solutions of (37) and (38).

For example, if the boundary conditions are Dirichlet boundary conditions, then Z; and Sj in
(37) and (38) are known. Since there are 2(m + 2)2 unknown elements in Z3, S, Vec(U ) and
Vec(V) we can get the numerical solutions of Z, S, Vec(U ) and Vec(V) from (37) and (38)
directly.

If the boundary conditions are of the mixed boundary condition type, we can do as follows.
From the boundary conditions, we can obtained 2(4m + 12) equations in related to Z1, Z3, Sj
and $. Thus with the 2(m + 2)2 equations in (37) and (38), we can have the numerical solutions
Vec(U), Vec(V), Z1, Z», S and S,.

4. NUMERICAL RESULTS AND ANALYSIS

To verify our method, three examples are treated.

Example 1
In this example, we consider Equation (1) with the Dirichlet boundary conditions.
Its exact solutions are as in Reference [17]:

u=(x*—2x3+x2)4y* — 6y> +2y)

v=—0" =2y’ + )@’ — 67 +2x)

p=x"+y
Set E, = max|L7,-J- —u(x;, yj)|, Ey =max| \7,~j —v(x;, )|, Ey1 is the maximum error of the normal
derivatives on the boundaries of u. And E,; is the maximum error of the normal derivatives on

the boundaries of v. And the numerical results are shown in Table I. The results of Reference [17]
are shown in Table II. Our results are better than those in Reference [17].
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Table 1. The errors of U, V of Example 1.

M=N=4 M=N=5 M=N=6 M=N=17 M=N=38

Ey, 4.2115e—005  2.6542e—005 1.4916e—005  9.7517e—006  6.0942e—006
Ey, 4.0414e—005  2.6762e—005 1.4897e—005  9.7517e—006  6.0941e—006

Table II. The errors in Reference [17].

Ny =32 Ny =64 Ny =128 Ny =256 Ny =512

E, 1.16684e—002 5.89109e—003 2.95885e—003 1.48404e—003 7.43309e—004

Table III. The errors of U, V of Example 2 (m =1).

M=N=4 M=N=5 M=N=6 M=N=17 M=N=38

E, 3.6063e—004  1.6463e—004  9.5098e—005  6.0142e—005  3.8168e—005
E, 3.5567e—004  1.8215e—004  9.6404e—005  6.0244e—005  3.7889e—005

Example 2
In this example, we consider Equation (1) with the Dirichlet boundary conditions.

Its exact solutions are:
u = sin(mnx) cos(mny), v=—cos(mnx)sin(mny), p = sin(mnx)cos(mmny)e*"”

where m is a integer. In this example, m =1, 2, 3 are taken, respectively.

Set £, and E, as defined above. With our method when m =2, M =8, E,, =5.2003e—004.
When m =3, M =10, E,, =3.9292e—004.

Table III shows the numerical results when m =1. In this example, the exact solutions are
oscillating functions. The results show that our method can also be applied to such problems.

Example 3
In this example, we consider Equation (1) with the boundary conditions:

u=0,v=0 on Q\{y=1}
u+uy=fi,v=0 on{y=1}

Its exact solutions are

u=2x>(1—x)%y(1 —y)(1 —2y), v==2x(1—x)(1 —2x)y*(1 — y)?

p= 2 _ y2
Thus, f1, f> and f3 can be calculated. And the numerical results are shown in Table IV.
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Table IV. Only the errors of U, V and their normal derivatives on the boundaries for Example 3.

N M E, Ey En Ey1

4 4 1.8924e—006 1.2945e—006 1.3791e—004 1.3637e—004
6 6 7.2712e—008 2.2920e—008 4.6084e—005 4.5413e—005
8 8 1.7389e—008 3.8631e—009 1.8668e—005 1.8515e—005

The numerical results of these examples show that in our method the velocity and the pressure
can be decoupled easily and successfully, and u, + vy, =0 can be satisfied automatically. And our
method is of high accuracy, of good convergence, simple in principle and convenient to program.
The parameters in the DE transformations might depend on the problems and their solutions. For
different problems, different parameters might be chosen differently.

5. CONCLUSIONS

The numerical results show that Sinc-collocation method with boundary treatment (SCMBT) for
the Stokes equations is effective and by our method the velocity and the pressure can be decoupled
easily and successfully. The numerical results show that our method is effective, of high accuracy,
of good convergence. Our method is easy to treat the boundary conditions, simple in principle and
convenient to implement by programming.

The SCMBT is effective for the Stokes equations. We will try to apply this method to the Navier—
Stokes equations though there are some other technique problems which need to be solved. The
details for solving the Navier—Stokes equations will be studied in another paper.
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